Given an elliptic curve with supersingular reduction at an odd prime p, Iovita and Pollack have generalised results of Kobayashi to define even and odd Coleman maps at p over Lubin-Tate extensions given by a formal group of height 1. We generalise this construction to modular forms of higher weights.
Introduction
Let f be a normalised eigen-newform of integral weight at least 2 and p an odd supersingular prime for f (i.e. p divides a p but not the level of f ). On the one hand, the p-adic L-functions of f defined in [11] have unbounded coefficients. On the other hand, the p-Selmer group over the Q ∞ , the extension of Q by adjoining all p power roots of unity, is not Λ-cotorsion where Λ is the Iwasawa algebra of Z p [[Gal(Q ∞ /Q)]], which can be identified with the set of power series over Z p [Gal(k 1 /Q p )]. It makes the Iwasawa theory for f at p difficult.
Much progress has been made in this direction. In [13] , Pollack has defined the plus and minus analytic p-adic L-functions L to define
The structure of this paper is as follows. We will review results of [15] in Section 1. In particular, we will state the properties of the Perrin-Riou's exponential map which we will need for our construction of the Coleman maps. In Section 2, we will construct the Coleman maps using ideas from [10] . The kernels and images of these maps will be described in Section 3 under certain technical assumptions. In particular, we will define the even and odd Selmer groups for some Z p -extensions of a number field using our description of the kernels. Finally, we explain how the construction in Section 2 can be generalised to relative Lubin-Tate groups in Section 4 using ideas of Kim (see [7] ).
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1 Perrin-Riou's exponential map over height 1
Lubin-Tate extensions
In [15] , Zhang has generalised the construction of Perrin-Riou's exponential map defined in [12] to Lubin-Tate extensions. We review his results here.
We fix an odd prime p and π a uniformiser of Z p . Let α be the p-adic unit in Z × p such that π = αp. Let g be a lift of Frobenius with respect to π, i.e. a power series over Z p such that g(X) = πX+(higher terms) and g(X) ≡ X p mod p. Then, g gives rise to an one-dimensional height-one formal group over Z p , which is independent of the choice of g up to isomorphism over Z p . We denote this formal group by F .
We write K = Q p (reason being we want to replace Q p by a finite unramified extension of Q p in Section 4), K n denotes the extension of K obtained by adjoining the π n th roots of F and G n denotes the Galois group of K n over K for 0 ≤ n ≤ ∞. In particular,
Let κ be the character of G K (the absolute Galois group of K) given by its action on the Tate module of
. If χ denotes the cyclotomic character of G K , then κ = χψ for an unramified character ψ.
Let Ξ denote the completion of the maximal unramified extension of Q p and O its ring of integers. Let η : G m → F be an isomorphism between the multiplicative group and F . Then η ∈ O[[X]]. Moreover, η(X) = ΩX+ (higher degree terms), where Ω is a p-adic unit. The lift of Frobenius g satisfies
where ϕ is the Frobenius of Gal(Q ur p /Q p ) which acts on η by acting on its coefficients. In particular, Ω ϕ = αΩ.
ψ to be the set of power series f , defined over
In particular, [15, (1.13) 
ψ . The significance of this set is given by the following:
ψ and ζ a p n th root of unity. Then
From now on, we fix a primitive p n th root of unity ζ p n for each positive integer n such that ζ We write V (k) for the kth Tate twist of 
Proof.
Since Ω ∈K × , we have
Hence we are done. 
We define D r (Q p , Ξ⊗D(V )) ψ to be the subset of D r (Q p , Ξ⊗D(V )) consisting of all the distributions µ satisfying:
We define
where Tw is the twist map given by µ → (−tx) −1 µ, which is well defined by [14, Lemma 3.6 ]. We define D r (Q p , Ξ ⊗ D(V )) similarly. In [15, Theorems 3.3 and 3.6], the generalised Perrin-Riou's exponential is given by:
where ǫ is as defined in [2, Section V.1] and exp k denotes the exponential map for the p-adic representation V (κ k ) as defined in [1] .
The construction of even and odd Coleman maps
We construct Col ± in three steps. First, we prove some elementary results about distributions on Z × p in Section 2.1. In Section 2.2, we explain how to construct a measure
ψ from a given ξ ∈ D(V ) and compute some special values of E h,V (µ ξ ) using Theorem 1.5 and results from Section 2.1 . Finally, in Section 2.3, we apply these results to a modular form f by choosing two elements of D(V f ), namely ξ ± . We then proceed as explained in the introduction to construct Col ± .
Distributions on Z
On the space of power series satisfying this condition, D = (1 + X) d dX acts bijectively. Moreover, for such µ, we have
see e.g. [2, Section I.5].
Moreover, the image of such a lift under E h,V is independent of the choice of the lift. 
ψ , we abuse notation and write E h,V (µ) = E h,V ( µ) where µ is a lift given by Lemma 2.1.
for any f and A ⊂ Q p . It allows us to compute some special values of µ.
Lemma 2.2. With the above notation,
Hence, by applying (2) to the decomposition
Lemma 2.3. With the notation above,
where the last equality follows from repeated applications of (2) . Hence the result by (1) and Lemma 2.2.
Computing some special values
With the notation above, we definē
Then ζ p =1η (ζ(1 + X) − 1) = 0. Moreover, we have:
Proof. Let σ ∈ G Qp and ζ a pth root of unity. By [15, (1.13 
Hence, on summing over ζ p = 1, we have
Hence, the sum
ψ , so we are done.
By Lemma 2.4 and Remark 1.
where γ n,k (ξ) is defined by
Proof. The result follows from combining Theorem 1.5 with Lemmas 2.2 and 2.3 and the fact that ϕ(t) = pt.
Our assumption on the eigenvalues of ϕ implies that there is an isomorphism
Proposition 2]). Under this identification, we have
−k µ, so Proposition 2.5 implies that if n ≥ 1 and k ≥ 1 − h, the nth component of Tw k (E h,V (µ)) is given by
where exp k now denotes the exponential map
We fix a topological generator γ of Γ, then D r (G ∞ ) can be identified with the set of power series in γ − 1 over Q p [G 1 ] which are O(log r p ). We now assume that V has a F -vector space structure where F is a finite extension of Q p and the action of G K commutes with the multiplication by F .
Denote the ring of integers of
there is a pairing
for all m, n ∈ R ≥0 . This enables us to define the following:
Following the calculations of [9] , we find that for n ≥ 1, the nth component of Tw k L ξ (z) is given by:
where z −k,n denotes the image of z under
and Tw k acts on D r(V )+h (G ∞ ) by σ → κ(σ) k σ for σ ∈ G ∞ . Let θ be a character on G n which does not factor through G n−1 . Since D
Hence, as in [10, Lemma 1.4], we have
Modular forms
From now on, we fix a normalised newform f = a n q n of integral weight k ≥ 2 with p a supersingular prime for f and a p = 0 (i.e. p divides a p but not the level of f ). We allow the character of f to be arbitrary, but for the sole purpose of easing notation, we assume that the character of f takes value 1 at p. Let V f be the Deligne representation of G Q defined in [3] . Let L = Q(a n : n ≥ 1) be the field of coefficients of f and fix a place of L above p. Then, V is a twodimensional vector space over F = L v and the action of G Q commutes with F . If we take V to be V f (1), the Frobenius ϕ on D(V ) satisfies
In particular, r(V ) = (k − 1)/2 − 1 and the assumption that the eigenvalues of ϕ on D(V f ) are not integral powers of p is automatically satisfied. On taking h = 1 in Theorem 1.5 and writing
The de Rham filtration of D(V f ) is given by
where ω is any non-zero element of
We fix one such ω, this corresponds to a choice of periods for f (see [6] ). We have
, then we can define log ± p,k as in [13] :
where Φ m denotes the p m th cyclotomic polynomial. In particular, the zeros of log + p,k are given by κ j θ where 0 ≤ j ≤ k − 2 and θ is a character of G n which does not factor through G n−1 with n odd, whereas those of log − p,k are characters of the same form but with even n. Moreover, log 
Proof. We have ϕ 2n (ω) ∈ D 0 (V (κ r )) for all integers n and 0 ≤ r ≤ k − 2. Therefore, by (4), we have
where θ is a character of G n which does not factor through G n−1 . Hence, the zeros of log ± p,k are also zeros of L ξ ± (z), so we are done.
In particular, since
. Hence, we have: Definition 2.8. The even and odd Coleman maps are defined to be
Kernel
In this section, we describe the kernels of Col ± , generalising those given in [5] and use them to define the even and odd Selmer groups. We first give some elementary linear algebra results.
Linear algebra
For any positive integer n, we write π n = η
Moreover, g(π n ) = π n−1 and K n = K(π n ). We will from now on assume g to be a good lift of Frobenius in the sense of [5, Section 4.1]. In particular, we will have to assume π ∈ p(1 + pZ p ) which would exclude many Lubin-Tate extensions of Q p . However, if we start with a totally ramified Z p -extension of Q p , then we can always assume that it is obtained from such Lubin-Tate extensions (see [5] for details). For n > 1, let π
Since Tr n/n−1 π n ∈ K n−1 , we can write x = σ∈Gn a σ π ′σ n + y for some a σ ∈ K and y ∈ K n−1 . Since Tr n/n−1 x = Tr n/n−1 π ′σ n = 0 for all σ, we have y = 0. Hence we are done. Proof. We proceed by induction on |S|. The case |S| = 1 follows directly from Lemma 3.1.
Without loss of generality, we assume that x n = 0. Let
and consider the following p elements: α σ , σ| Kn−1 = τ . Then, their sum equals
Therefore, for any τ ∈ G n−1 and σ ∈ G n , β τ and π ′σ n lie inside the K-vector space generated by α σ . Hence we are done.
Description of the kernels
We now fix a lattice T f in V f which is stable under
To describe the kernel of Col ± , we will assume p ≥ k − 1 as in [10] . This implies that (V /T (κ m )) GK n = 0 for any j and n as in [10, Lemma 2.5]. Therefore,
) under the natural map and we can treat the former as a lattice of the latter. In addition, the corestriction maps between H 1 (K n , T (κ m )) are surjective and the restriction maps are injective (see [8] ). We will treat [10, Proposition 2.7] , this is in fact equivalent to the same statement being true for all, n ≥ 0 with one fixed m ∈ {0, . . . , k − 2} (we will take m = 0 below).
Instead of looking at the said O F -module, we study the F -vector space generated by these elements inside H 1 f (K n , V (κ m )) first. We can then intersect it with H 1 f (K n , T (κ m )) to obtain the kernel.
Proof. Recall that by the proof of Lemma 1.2, we have
ψ , σ ∈ G K and ζ a p power root of unity. Therefore, for n > 1
Hence, we have
Recall that ϕ 2 = −p k−3 , so we have
In particular,
where S ± = {m ∈ [1, n] : m even (odd)} by Corollary 3.2. Hence the result by [10, Lemma 2.8].
We write H 1 f (K n , V ) ± for the vector space described in the proposition and define
and ker(Col ± ) is given by
where
The images of Col ± can be found in the same way as [10, Section 3] . Namely, As in the case of absolute Lubin-Tate groups, κ can be decomposed as κ = χψ where χ is the cyclotomic character and ψ is an unramified character.
Results of [15] hold in this context with the obvious modifications, especially Theorem 1.5. In particular, for any ξ ∈ D(V ) and i an integer, we can define a measure µ .
We now follow [7, Section 3] to find the image of Col − . In particular, we assume that g is a polynomial of degree p and the coefficient of X p−1 is ζ 0 p where ζ 0 is a root of unity in K such that O K = Z p [ζ 0 ]. We write λ = (p 2−k + 1)/(p k−3 + 1). Since ξ − = ω ∈ D 0 (V ), we have
